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程式語⾔學

以符號（語⾔）精準簡練地表達計算規則（程式） 

厲害：嚴格證明各種「好」性質 

易⽤：作為好⼯具，協助⼈思考與解決問題 

內涵：常與數學、邏輯學有密切對應



規則、符號、好性質
厲害



拍賣網站購物
「先詢問有無存貨，賣家回覆有貨才可下標。下標後將收件資
訊告知賣家，完成匯款後賣家出貨。」 

買家動作： ![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

!	送	
?	收	
▹	對⽅選擇	
◃	⾃⼰選擇



拍賣網站購物
「先詢問有無存貨，賣家回覆有貨才可下標。下標後將收件資
訊告知賣家，完成匯款後賣家出貨。」 

賣家動作： ?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

!	送	
?	收	
▹	對⽅選擇	
◃	⾃⼰選擇



程式的合法長相（語⾔）
channels. Then processes, ranged over by P,Q . . . , are given by the following grammar.

P ::= request a(k) in P session request
| accept a(k) in P session acceptance
| k![ẽ];P data sending
| k?(x̃) in P data reception
| k l;P label selection
| k {l1 : P1[] · · · []ln : Pn} label branching
| throw k[k′];P channel sending
| catch k(k′) in P channel reception
| if e then P else Q conditional branch
| P | Q parallel composition
| inact inaction
| (νu)P name/channel hiding
| def D in P recursion
| X[ẽk̃] process variables

D ::= X1(x̃1k̃1) = P1 and · · ·and Xn(x̃nk̃n) = Pn declaration for recursion

The association of “|” is the weakest, others being the same. Parenthesis (·) denotes
binders which bind the corresponding free occurrences. The standard simultaneous sub-
stitution is used, writing e.g. P [c̃/x̃]. The sets of free names/channels/variables/process
variables of say P , defined in the standard way, are respectively denoted by fn(P ), fc(P ), fv(P )

and fpv(P ). The alpha-equality is written ≡α. We also set fu(P )
def
= fc(P ) ∪ fn(P ).

Processes without free variables or free channels are called programs.

2.3. Operational Semantics. For the concise definition of the operational semantics
of the language constructs, we introduce the structural equality ≡ (cf. [5, 20]), which is
the smallest congruence relation on processes including the following equations.

1. P ≡ Q if P ≡α Q.
2. P | inact ≡ P , P | Q ≡ Q | P , (P | Q) | R ≡ P | (Q | R).
3. (νu)inact ≡ inact, (νuu)P ≡ (νu)P , (νuu′)P ≡ (νu′u)P , (νu)P | Q ≡

(νu)(P | Q) if u #∈ fu(Q), (νu)def D in P ≡ def D in (νu)P if u #∈ fu(D).
4. (def D in P ) | Q ≡ def D in (P | Q) if fpv(D) ∩ fpv(Q) = ∅.
5. def D in (def D′ in P ) ≡ def D and D′ in P if fpv(D) ∩ fpv(D′) = ∅.

Now the operational semantics is given by the reduction relation →, denoted P → Q,
which is the smallest relation on processes generated by the following rules.

[Link] (accept a(k) in P1) | (request a(k) in P2) → (νk)(P1 | P2)

[Com] (k![ẽ];P1) | (k?(x̃) in P2) → P1 | P2[c̃/x̃] (ẽ ↓ c̃)

[Label] (k li;P ) | (k {l1 : P1[] · · · []ln : Pn}) → P | Pi (1 ≤ i ≤ n)

[Pass] (throw k[k′];P1) | (catch k(k′) in P2) → P1 | P2

[If1] if e then P1 else P2 → P1 (e ↓ true)

[If2] if e then P1 else P2 → P2 (e ↓ false)

[Def] def D in (X[ẽk̃] | Q) → def D in (P [c̃/x̃] | Q) (ẽ ↓ c̃, X(x̃k̃) = P ∈ D)

[Scop] P → P ′ ⇒ (νu)P → (νu)P ′

[Par] P → P ′ ⇒ P | Q → P ′ | Q

[Str] P ≡ P ′ and P ′ → Q′ and Q′ ≡ Q ⇒ P → Q
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實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家 賣家



實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家 賣家



實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家買家 賣家



實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家 賣家



實際進⾏購物
![請問還有沒有貨]	
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															?(錢)	
															![貨]	
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實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家 賣家



實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家 賣家



實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

買家 賣家



實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
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if	查了⼀下有貨	
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															?(錢)	
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實際進⾏購物
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															![錢]	
															?(貨)	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
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					stop

買家 賣家



定義程式如何執⾏

channels. Then processes, ranged over by P,Q . . . , are given by the following grammar.

P ::= request a(k) in P session request
| accept a(k) in P session acceptance
| k![ẽ];P data sending
| k?(x̃) in P data reception
| k l;P label selection
| k {l1 : P1[] · · · []ln : Pn} label branching
| throw k[k′];P channel sending
| catch k(k′) in P channel reception
| if e then P else Q conditional branch
| P | Q parallel composition
| inact inaction
| (νu)P name/channel hiding
| def D in P recursion
| X[ẽk̃] process variables

D ::= X1(x̃1k̃1) = P1 and · · ·and Xn(x̃nk̃n) = Pn declaration for recursion

The association of “|” is the weakest, others being the same. Parenthesis (·) denotes
binders which bind the corresponding free occurrences. The standard simultaneous sub-
stitution is used, writing e.g. P [c̃/x̃]. The sets of free names/channels/variables/process
variables of say P , defined in the standard way, are respectively denoted by fn(P ), fc(P ), fv(P )

and fpv(P ). The alpha-equality is written ≡α. We also set fu(P )
def
= fc(P ) ∪ fn(P ).

Processes without free variables or free channels are called programs.

2.3. Operational Semantics. For the concise definition of the operational semantics
of the language constructs, we introduce the structural equality ≡ (cf. [5, 20]), which is
the smallest congruence relation on processes including the following equations.

1. P ≡ Q if P ≡α Q.
2. P | inact ≡ P , P | Q ≡ Q | P , (P | Q) | R ≡ P | (Q | R).
3. (νu)inact ≡ inact, (νuu)P ≡ (νu)P , (νuu′)P ≡ (νu′u)P , (νu)P | Q ≡

(νu)(P | Q) if u #∈ fu(Q), (νu)def D in P ≡ def D in (νu)P if u #∈ fu(D).
4. (def D in P ) | Q ≡ def D in (P | Q) if fpv(D) ∩ fpv(Q) = ∅.
5. def D in (def D′ in P ) ≡ def D and D′ in P if fpv(D) ∩ fpv(D′) = ∅.

Now the operational semantics is given by the reduction relation →, denoted P → Q,
which is the smallest relation on processes generated by the following rules.

[Link] (accept a(k) in P1) | (request a(k) in P2) → (νk)(P1 | P2)

[Com] (k![ẽ];P1) | (k?(x̃) in P2) → P1 | P2[c̃/x̃] (ẽ ↓ c̃)

[Label] (k li;P ) | (k {l1 : P1[] · · · []ln : Pn}) → P | Pi (1 ≤ i ≤ n)

[Pass] (throw k[k′];P1) | (catch k(k′) in P2) → P1 | P2

[If1] if e then P1 else P2 → P1 (e ↓ true)

[If2] if e then P1 else P2 → P2 (e ↓ false)

[Def] def D in (X[ẽk̃] | Q) → def D in (P [c̃/x̃] | Q) (ẽ ↓ c̃, X(x̃k̃) = P ∈ D)

[Scop] P → P ′ ⇒ (νu)P → (νu)P ′

[Par] P → P ′ ⇒ P | Q → P ′ | Q

[Str] P ≡ P ′ and P ′ → Q′ and Q′ ≡ Q ⇒ P → Q
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配對錯誤
![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標	
															![收件資訊]	
															?(貨)	
															![錢]	
															stop	
										else	◃	算了	
															stop		}

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨	
					▹{	算了	:	stop	
								下標	:	?(收件資訊)	
															?(錢)	
															![貨]	
															stop		}	
else	◃	缺貨	
					stop

以為可以貨到付款的買家 賣家



「先詢問有無存貨，賣家回覆有貨才可下標。下標後將收件資
訊告知賣家，完成匯款後賣家出貨。」 

買家通訊規則：

通訊協議／訊程型別

!詢問存貨	
&{	缺貨	:	end	
				有貨	:	+{	下標	:	!收件資訊	!錢	?貨	end	
													算了	:	end	}	} !	送	

?	收	
&	對⽅所有選項	
+	⾃⼰所有選項



![請問還有沒有貨]	
▹{	缺貨	:	stop	
				有貨	:	if	老婆說可以買	
										then	◃	下標;	![收件資訊]	![錢]	?(貨)	stop	
										else	◃	算了;	stop		}

保證沒有配對錯誤

!詢問存貨	
&{	缺貨	:	end	
				有貨	:	+{	下標	:	!收件資訊	!錢	?貨	end	
													算了	:	end	}	}

買家動作

買家通訊規則

遵守



保證沒有配對錯誤
!詢問存貨	
&{	缺貨	:	end	
				有貨	:	+{	下標	:	!收件資訊	!錢	?貨	end	
													算了	:	end	}	}

買家通訊規則

?詢問存貨	
+{	缺貨	:	end	
				有貨	:	&{	下標	:	?收件資訊	?錢	!貨	end	
													算了	:	end	}	}

對偶

賣家通訊規則



保證沒有配對錯誤
?詢問存貨	
+{	缺貨	:	end	
				有貨	:	&{	下標	:	?收件資訊	?錢	!貨	end	
													算了	:	end	}	}

賣家通訊規則

?(請問還有沒有貨)	
if	查了⼀下有貨	
then	◃	有貨;	▹{	算了	:	stop	
																下標	:	?(收件資訊)	?(錢)	![貨]	stop	}	
else	◃	缺貨;	stop

賣家動作

遵守



型別安全定理
若兩個通訊程式遵守對偶的訊程型別， 
則它們⼀起執⾏時不可能發⽣配對錯誤。

to that thread, while getting ready for the next request from clients itself. It is now the
thread FtpThread which actually processes the user’s request, receiving the user name,
referring to NIS, and executing various operations (note recursion within a session is
used). Here the delegation is used to enable the ftp server to process multiple requests
concurrently without undue delay in response. The scheme is generally applicable to a
server interacting with many clients. Some observations follow.

(1) The example shows how the generalised delegation allows programmers to cleanly
describe those interaction patterns which generalise the original form of delegation.
Other examples of the usage of delegation abound, for example a file server with ge-
ographically distributed sites or a server with multiple services each to be processed
by a different sub-server.

(2) A key factor of the above code is that a client does not have to be conscious of the
delegation which takes place on the server’s side: that is, a client program can be
written as if it is interacting with a single entity, for example as follows.

request pid(s) in s![myId]; s {sorry : · · · []welcome : · · · }

Observe that, between the initial request and the next sending operation, the
catch/throw interaction takes place on the server’s side: however the client process
does not have to be conscious of the event. This shows how delegation enables
distribution of computation while maintaining the transparency of the name space.

(3) If we allow each ftp-thread to be dynamically generated, we can use parallel com-
position to the same effect, just as the use of “fork” to pass process resources in
UNIX. While this scheme has a limitation in that we cannot send a channel to an
already running process, it offers another programming method to realise flexible,
dynamic communication structures. We also observe that the use of throw/catch,
or the “fork” mentioned above, would result in complexly woven sequences of inter-
actions, which would become more error-prone than without. In such situations, the
type discipline discussed in the next section would become an indispensable tool for
programming, where we can algorithmically verify if a program has coherent com-
munication structure and, in particular, if it contains interaction errors.

5. The Type Discipline

5.1. Preliminaries. The present structuring method allows the clear description of
complex interaction structures beyond conventional communication primitives. The
more complex the interaction becomes, however, the more difficult it would be to capture
the whole interactive behaviour and to write correct programs. The type discipline we
shall discuss in this section gives a simple solution to these issues at a basic level. We
first introduce the basic notions concerning types, including duality on types which
represents complementarity of interactions.

Definition 5.1 (Types). Given type variables (t, t′, . . . ) and sort variables (s, s′, . . . ),
sorts (S, S′, . . . ) and types (α,β, . . . ) are defined by the following grammar.

S ::= nat | bool | 〈α,α〉 | s | µs.S

α ::= ↓ [S̃];α | ↓ [α];β | &{l1 : α1, . . . , ln : αn} | 1 | ⊥

| ↑ [S̃];α | ↑ [α];β | ⊕ {l1 : α1, . . . , ln : αn} | t | µt.α
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where, for a type α in which ⊥ does not occur, we define α, the co-type of α, by:

↑ [S̃];α =↓ [S̃];α ⊕ {li : αi} = &{li : αi} ↑ [α];β =↓ [α];β 1 = 1

↓ [S̃];α =↑ [S̃];α &{li : αi} = ⊕ {li : αi} ↓ [α];β =↑ [α];β t = t µt.α = µt.α.

A sorting (resp. a typing, resp. a basis) is a finite partial map from names and variables
to sorts (resp. from channels to types, resp. from process variables to the sequences
of sorts and types). We let Γ,Γ′, . . . (resp. ∆,∆′, . . . , resp. Θ,Θ′, . . . ) range over
sortings (resp. typings, resp. bases). We regard types and sorts as representing the
corresponding regular trees in the standard way [6], and consider their equality in terms
of such representation.

A sort of form 〈α,α〉 represents two complementary structures of interaction which are
associated with a name (one denoting the behaviour starting with accept, another that
which starts with request), while a type gives the abstraction of interaction to be done
through a channel. The co-type of a given type denotes the complementary behaviour of
the original type. Note α = α holds whenever α is defined. Let us give a brief description
of each form of types.

• The type ↓ [S̃];α represents the behaviour of first inputting values of sorts S̃, then
does the actions of type α; ↓ [α];β represents the similar behaviour, which starts
with the channel input (catch) instead.
• ↑ [S̃];α and ↑ [α];β are dual of ↓ [S̃];α and ↑ [α];β, sending values intead of receiving.
• &{l1 : α1, . . . , ln : αn} shows the branching behaviour: it waits with n options, and

behaves as type αi if i-th action is selected (external choice). ⊕ {l1 : α1, . . . , ln : αn}
then represents the behaviour which would select one of li and then behaves as αi,
according to the selected li (internal choice).
• 1 represents the inaction, acting as the unit of sequential composition.
• µt.α denotes a recursive behaviour, which represents the behaviour of start doing
α and, when t is encountered, recurs to α again.
• Finally ⊥ is a specific type indicating that no further connection is possible at a

given name.

The following partial algebra on the set of typings, cf. [11], plays a key role in our
typing system.

Definition 5.2 (Type algebra). Typings ∆1 and ∆2 are compatible, written ∆0 ' ∆1,
if ∆0(k) = ∆1(k) for all k ∈ dom(∆0) ∩ dom(∆1). When ∆0 ' ∆1, the composition of
∆0 and ∆1, written ∆0 ◦ ∆1, is given as a typing such that (∆0 ◦ ∆1)(k) is (1) ⊥, if
k ∈ dom(∆0) ∩ dom(∆1); (2) ∆i(k), if k ∈ dom(∆i) \ dom(∆i+1 mod 2) for i ∈ {0, 1};
and (3) undefined otherwise.

Compatibility means each common channel k is associated with complementary be-
haviours, thus ensuring the interaction on k to run without errors. When composed, the
type for k becomes ⊥, preventing further connection at k (note ⊥ has no co-type). One
can check the partial operation ◦ is partially commutative and associative.

5.2. Typing System. The main sequent of our typing system has a form

Θ; Γ + P #∆

which reads: “under the environment Θ; Γ, a process P has a typing ∆.” Sorting Γ
specifies protocols at the free names of P , while typing ∆ specifies P ’s behaviour at its
free channels. When P is a program, Θ and ∆ become both empty.

Given a typing or a sorting, say Φ, write Φ · s : p for Φ ∪ {s : p} together with the
condition that s -∈ dom(Φ); and Φ\s for the result of taking off s : Φ(s) from Φ if Φ(s)
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is defined (if not we take Φ itself). Also assume given the evident inference rules for
arithmetic and boolean expressions, whose sequent has the form Γ ! e ! α, enjoying the
standard properties such as Γ ! e ! S and e ↓ c imply Γ ! c ! S. The main definition of
this section follows.

Definition 5.3 (Basic typing system). The typing system is defined by the axioms and
rules in Figure 1, where we assume the range of ∆ in [Inact] and [Var] contains only
1 and ⊥.

[Acc]
Θ;Γ ! P !∆ · k : α

Θ;Γ, a : 〈α,α〉 ! accept a(k) in P !∆
[Req]

Θ;Γ ! P !∆ · k : α
Θ;Γ, a : 〈α,α〉 ! request a(k) in P !∆

[Send]
Γ ! ẽ ! S̃ Θ;Γ ! P !∆ · k : α

Θ;Γ ! k![ẽ];P !∆ · k :↑ [S̃];α
[Rcv]

Θ;Γ · x̃ : S̃ ! P !∆ · k : α

Θ;Γ ! k?(x̃) in P !∆ · k :↓ [S̃];α

[Br]
Θ;Γ ! P1 !∆ · k : α1 · · · Θ;Γ ! Pn !∆ · k : αn

Θ;Γ ! k {l1 : P1[] · · · []ln : Pn} !∆ · k : &{l1 : α1, . . . , ln : αn}

[Sel]
Θ;Γ ! P !∆ · k : αj

Θ;Γ ! k lj ;P !∆ · k : ⊕ {l1 : α1, . . . , ln : αn}
(1 ≤ j ≤ n)

[Thr]
Θ;Γ ! P !∆ · k : β

Θ;Γ ! throw k[k′];P !∆ · k :↑ [α]; β · k′ : α
[Cat]

Θ;Γ ! P !∆ · k : β · k′ : α
Θ;Γ ! catch k(k′) in P !∆ · k :↓ [α]; β

[Conc]
Θ;Γ ! P !∆ Θ;Γ ! Q !∆′

Θ;Γ ! P | Q !∆ ◦∆′
(∆ ) ∆′) [If]

Γ ! e ! bool Θ;Γ ! P !∆ Θ;Γ ! Q !∆
Θ;Γ ! if e then P else Q !∆

[NRes]
Θ;Γ · a : S ! P !∆
Θ;Γ ! (νa)P !∆

[CRes]
Θ;Γ ! P !∆ · k :⊥
Θ;Γ ! (νk)P !∆

[Inact] Θ;Γ ! inact !∆

[Var]
Γ ! ẽ ! S̃

Θ,X : S̃α̃;Γ ! X[ẽk̃] !∆ · k̃ : α̃
[Def]

Θ;Γ · x̃ : S̃ ! P ! k̃ : α̃ Θ;Γ ! Q !∆

Θ\X;Γ ! def X(x̃k̃) = P in Q !∆
(Θ(X) = S̃α̃)

Figure 1. The typing system

For simplicity, the rule [Def] is restricted to single recursion, which is easily extendible
to multiple recursion. If Θ; Γ ! P ! ∆ is derivable in the system, we say P is typable
under Θ; Γ with ∆, or simply P is typable. Some comments on the typing system follow.

(1) In the typing system, the left-hand side of the turnstile is for shared names and
variables (“classical realm”), while the right-hand side is for channels sharable only
by two complementary parties (a variant of “linear realm”). It differs from various
sorting disciplines in that a channel k is in general ill-sorted, e.g. it may carry an
integer at one time and a boolean at another. In spite of this, the manipulation
of linear realm by typing algebra ensures linearised usage of channels, as well as
preventing interaction errors, cf. Theorem 5.4 below.

(2) In [Thr], the behaviour represented by α for channel k′ is actually performed by
the process which “catches” k′ (note k′ cannot occur free in ∆, hence neither in P ,
by our convention on “·”). To capture the interactions at k′ as a whole, k′ : α is
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added to the linear realm. On the other hand, the rule [Cat] guarantees that the
receiving side does use the channel k′ as is prescribed. Reading from the conclusions
to the antecedents, [Thr] and [Cat] together illustrate how k′ is “thrown” from the
left to the right.

(3) The simplicity of the typing rules is notable, utilising the explicit syntactic structure
of session. In particular it is syntax-directed and has a principal type when we use
a version of kinding [26]. It is then easy to show there is a typing algorithm à la
ML, which extracts the principal type of a given process iff it is typable. It should
be noted that simplicity and tractability of typing rules do not mean that the
obtainable type information is uninteresting: the resulting type abstraction richly
represents the interactive behaviour of programs, as later examples exhibit.

Below we briefly summarise the fundamental syntactic properties of the typing system.
We need the following notion: a k-process is a prefixed process with subject k (such as
k![ẽ];P and catch k(k′) in P ). Next, a k-redex is a pair of dual k-processes composed
by |, i.e. either of forms (k![ẽ];P | k?(x) in Q), (k l;P | k {l1 : Q1[] · · · []ln : Qn}), or
(throw k[k′];P | catch k(k′′) in Q). Then P is an error if P ≡ def D in (νũ)(P ′|R)
where P ′ is, for some k, the |-composition of either two k-processes that do not form a
k-redex, or three or more k-processes. We then have:

Theorem 5.4.

1. (Invariance under ≡) Θ; Γ " P "∆ and P ≡ Q imply Θ; Γ " Q "∆.
2. (Subject reduction) Θ; Γ " P "∆ and P →∗ Q imply Θ; Γ " Q "∆.
3. (Lack of run-time errors) A typable program never reduces into an error.

The proofs are straightforward due to the syntax-directed nature of the typing rules.
See [12] for details. We note that we can easily extend the typing system with ML-
like polymorphism for recursion, which is useful for e.g. template processes (such as
def Cell(cv) = · · · in Cell[a 42] | Cell[b true]), with which all the properties in Theorem
5.4 are preserved. This and other basic extensions are discussed in [12].

5.3. Examples. We give a few examples of typing, taking programs in the preceding
sections. We omit the final 1 from the type, e.g. we write ↓ [α] for ↓ [α];1. First, the
factorial in Example 3.2 is assigned, at its free name, a type ↓ [nat]; ↑ [nat] (for factorial)
and its dual ↑ [nat]; ↓ [nat] (for its user). Next, the cell in Example 3.3 is given a type
&{read :↑ [α], write :↓ [α]} (for the cell) and its dual ⊕{read :↓ [α], write :↑ [α]} (for its
user). The type of a cell says a cell waits with two options, and, when “read” is selected,
it would send an integer and the session ends, and when “write” is selected, it would
receive an integer and again the session ends: its dual says a user may do either “read”
or “write”, and, according to which of them it selects, it behaves as prescribed.

As a more interesting example, take the “kind ATM” in Example 4.2. Consider
ATM′[ab] under the declaration in the example. Then a typing a : 〈α,α〉, b : 〈β,β〉 is
given to the process, where we set α, which abstracts the interaction with a user, as:

α
def
= ↓ [nat];µt.&{deposit :↓ [nat]; t,

withdraw :↓ [nat]; ⊕{dispense :↑ [nat]; t, overdraft : t},

balance :↑ [nat]; t,

quit :↑ [nat]},
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解決問題的好⼯具
易⽤



解出⼀個數
問：⼩明買了 24 枝 9 元的鉛筆和 12 個 15 元的橡⽪擦，請
問⼩明總共要付多少錢？ 

答：9 × 24 + 15 × 12 = 216 + 180 = 396

		15	
×	12	
————	
		10	
		2	
		5	
	1	
————	
	180

		15	×	12	
=	(10	+	5)	×	(10	+	2)	
=	100	+	20	+	50	+	10	
=	180



解出⼀個程式

154 6 / Recursive Programs 

Quicksort 

The so-called 'advanced' sorting algorithms (quicksort, mergesort, heapsort, and 
so on) all use some form of tree as an intermediate datatype. Here we sketch the 
development of Hoare's quicksort (Hoare 1962), which follows the path of selection 
sort quite closely. 

Consider the type tree A defined by 

tree A ::= null I fork (tree A, A, tree A). 

The function flatten : list A +- tree A is defined by 

flatten = Qnil,joinD, 

where join (x, a, y) = x *[a]* y. Thus flatten produces a list of the elements in 
a tree in left to right order. 

In outline, the derivation of quicksort is 

ordered · perm 
::::> {since flatten is a function} 

ordered · flatten · flatten ° · perm 
= {claim: ordered· flatten= flatten· inordered (see below)} 

flatten · inordered · flatten ° . perm 
{converses} 

flatten · (perm · flatten · inordered) 0 

;;;? {fusion, for an appropriate definition of split} 

flatten· Qnil, split0 D0 • 

In quicksort we head for an algorithm expressed as a hylomorphism using trees as 
an intermediate datatype. 

The coreflexive inordered on trees is defined by 

inordered = Q null ,fork · check D 
where the coreflexive check holds for (x, a, y) if 

(Vb: b intree x => bRa) 1\ (Vb: b intree y => aRb). 

The relation intree is the membership test for trees. Introducing F f = f x id x f 
for brevity, the proviso for the fusion step in the above calculation is 

split0 • F(perm ·flatten) perm· flatten· fork· check. 

Richard Bird and Oege de Moor [1997].  Algebra of Programming.  Prentice-Hall.

寫下要做的事情

解出程式

符	
號	
計	
算



數學、邏輯學
內涵



函數

f(x) = x2 + 1

<latexit sha1_base64="h9DT77FkWeX3Nojr/tzkGcmBqHQ=">AAAB9XicbVDJSgNBEK1xjXGLy81LYxAiQpgJil6EgAdzjGAWyEZPpydp0tMzdPdo4pD/8OJBEY/6L948+id2loMmPih4vFdFVT035Exp2/6yFhaXlldWE2vJ9Y3Nre3Uzm5ZBZEktEQCHsiqixXlTNCSZprTaigp9l1OK27vauRX7qhULBC3ehDSho87gnmMYG2kppfpH6NL1G/m0AlyWqm0nbXHQPPEmZJ0PvPwff2+Hxdbqc96OyCRT4UmHCtVc+xQN2IsNSOcDpP1SNEQkx7u0JqhAvtUNeLx1UN0ZJQ28gJpSmg0Vn9PxNhXauC7ptPHuqtmvZH4n1eLtHfRiJkII00FmSzyIo50gEYRoDaTlGg+MAQTycytiHSxxESboJImBGf25XlSzmWd0+zZjUmjABMk4AAOIQMOnEMeClCEEhCQ8AjP8GLdW0/Wq/U2aV2wpjN78AfWxw+Z/pOn</latexit>

函數定義

函數代入

f(5) = 52 + 1 = 26

<latexit sha1_base64="s6ZfkoULRbvAXo+LU9ltgZhNQcc=">AAACF3icbZDLSgMxFIYz9VbrrV7AhZtgESpCmSlW3QgFF3ZZwV6gHUsmzbShmcmQZIQ6tO/h2q36Cu7ErUuXLn0L02kXtvVA4OP/z8lJfidgVCrT/DISC4tLyyvJ1dTa+sbmVnp7pyp5KDCpYM64qDtIEkZ9UlFUMVIPBEGew0jN6V2N/No9EZJy/1b1A2J7qONTl2KktNRK77vZwjEcXg5h4S4PT6AVc/6slc6YOTMuOA/WBDLF7MP39eteVG6lf5ptjkOP+AozJGXDMgNlR0goihkZpJqhJAHCPdQhDY0+8oi0o/gDA3iklTZ0udDHVzBW/05EyJOy7zm600OqK2e9kfif1wiVe2FH1A9CRXw8XuSGDCoOR2nANhUEK9bXgLCg+q0Qd5FAWOnMpraM7lacMzlI6Wys2STmoZrPWae5wo0OqQTGlQQH4BBkgQXOQRGUQBlUAAYD8ASewYvxaLwZ78bHuDVhTGZ2wVQZn782RqBl</latexit>



無名函數

函數定義

函數代入

(�x. x2 + 1) 5 = 52 + 1 = 26

<latexit sha1_base64="hjPuleFwUn+iwQnuc6qEMt5Uurk="></latexit>

�x. x2 + 1

<latexit sha1_base64="YJEAmIhU48BXJC3n2exFt8ghtak=">AAACE3icbVDLSgMxFM3UV62v0SIIboJFEIRhpii6LLjpsoJ9QFtLJs20oZlkSDLSMvQzXOtSty51J279AD/BD3Bv+ljY1gOBwznn5l6OHzGqtOt+Waml5ZXVtfR6ZmNza3vH3t2rKBFLTMpYMCFrPlKEUU7KmmpGapEkKPQZqfq9q5FfvSNSUcFv9CAizRB1OA0oRtpILTvbYCbcRrDvNGD/Ng9Podeyc67jjgEXiTcluYL98/pysP9YatnfjbbAcUi4xgwpVffcSDcTJDXFjAwzjViRCOEe6pC6oRyFRDWT8fFDeGyUNgyENI9rOFb/TiQoVGoQ+iYZIt1V895I/M+rxzq4bCaUR7EmHE8WBTGDWsBRE7BNJcGaDQxBWFJzK8RdJBHWpq+ZLaO/tRBMDTOmG2++iUVSyTvemXN+bUoqggnS4BAcgRPggQtQAEVQAmWAwQA8gCfwbN1bb9a79TGJpqzpTBbMwPr8BeXXoHA=</latexit>



λ 算則

⇤ ::= x | �x. ⇤ | ⇤ ⇤

<latexit sha1_base64="KaGjkMf2RPjrDlTbphT4mRRkfXs="></latexit>

(�x. t) u = t[u/x]

<latexit sha1_base64="3/FjN0tME4iUEu65nexpaY3uBEg="></latexit>



2 + 3 = 5

+ 2 3

5

(�m. �n. �f. �x. m f (n f x)) (�f. �x. f (f x)) (�f. �x. f (f (f x)))

= (�n. �f. �x. (�f. �x. f (f x)) f (n f x)) (�f. �x. f (f (f x)))

= �f. �x. (�f. �x. f (f x)) f ((�f. �x. f (f (f x))) f x)

= �f. �x. (�f. �x. f (f x)) f ((�x. f (f (f x))) x)

= �f. �x. (�f. �x. f (f x)) f (f (f (f x)))

= �f. �x. (�x. f (f x)) (f (f (f x)))

= �f. �x. f (f (f (f (f x))))

<latexit sha1_base64="eyDXumsE4QmVRIwf9zNoxKqvP+U="></latexit>



型別

f : ◆ ! ◆, x : ◆ ` f : ◆ ! ◆

f : ◆ ! ◆, x : ◆ ` f : ◆ ! ◆ f : ◆ ! ◆, x : ◆ ` x : ◆

f : ◆ ! ◆, x : ◆ ` f x : ◆

f : ◆ ! ◆, x : ◆ ` f (f x) : ◆

f : ◆ ! ◆ ` �x. f (f x) : ◆ ! ◆

` �f. �x. f (f x) : (◆ ! ◆) ! ◆ ! ◆

<latexit sha1_base64="+gPLxmfl/DbSyQD7t7kKWM/olKM="></latexit>



型別對應於邏輯

� ` t : A ! B � ` u : A
� ` t u : B

<latexit sha1_base64="xnClzHwCRS4Mdv48np0b9HIug9k="></latexit>



程式語⾔學

以符號（語⾔）精準簡練地表達計算規則（程式） 

厲害：嚴格證明各種「好」性質 

易⽤：作為好⼯具，協助⼈思考與解決問題 

內涵：常與數學、邏輯學有密切對應


